In this paper, we establish the Harnack inequality for weak solutions of nonlinear subelliptic p-Laplacian equations of Schrödinger type
Introduction
In this paper, we are interested in nonlinear equations involving the subelliptic p-Laplace operator - 
for every x, y ∈ ⊂ R N , there exists at least one X-subunit path connecting x and y, we 
equipped with the norm
Before stating our main results, we present several assumptions of control distance d(·, ·) with respect to the vector fields X in R N and the singular potential V which we will use in the next sections.
(H) (Homogeneous dimension) There are positive constants r  , C  , C  and Q > p >  such that for all r ∈ (, r  ] and x ∈ , the following relation is valid:
where the number Q is chosen as the least integer such that the above inequality holds, which is called the homogeneous dimension of X in . From the assumptions of control distance d(·, ·), the following Sobolev embedding inequality is valid [] 
, that is, when x, y ∈ B R  , we have the following decay estimates:
where B R is the smallest metric ball such that ⊂   B R . Also, the Green function estimates for the divergence form of subelliptic operators with nonsmooth coefficients were obtained in [] for p = .
The assumption on V is that V ∈ K p Q ( ), the Kato-Stummel type class, which means that V is a local integrable function such that lim r→ + η p (V ; r; ) = , where Our main results are as follows.
Theorem . Let u ∈ W
,p loc ( , X) be a weak solution to Equation (.), and let V , f ∈ M σ ,p ( ) with  < σ <  and  < p < Q. Assume that  < r < r  with B r  ⊆ . Then 
. Throughout this paper, unless otherwise indicated, C is used to denote a positive constant that is not necessarily the same at each occurrence, which depends at most on Q, p, λ, V and .
Local boundedness of solutions
The purpose of this section is to show that weak solutions of Equation (.) are locally bounded. To do this, we follow the technique by Serrin [, ]. 
This is well defined, and ψ
is the weak solution to the equation -X p ψ = V in B r ∩ , and also ψ(x) =  on ∂(B r ∩ ). For p >  and a, b, ε > , it is easy to see from the Young inequality that
From the uniform X-ellipticity assumption (.), a direct calculation shows 
for any ε > . In addition, we note that
This and the inequality (.) with ε = /(λ p ) yield that
From the inequalities (.) and (.), and the estimation of ψ, we obtain that
To complete the proof of the lemma, we employ the method of the proof of Lemma . in []. Given  < δ < , let {ψ p j } l  be a finite partition of unity of¯ such that supp ψ j ⊆ B r j (x j ) with x j ∈¯ and  < r j ≤ δ. Set
We now choose ε such that
which implies that
By summing in j, it follows that
with the constant C Q,p,λ > . It is clear that the inequality (.) implies the desired conclusion.
Lemma . Let be an open, bounded and connected set in R N
, and suppose V ∈ M σ ,p ( )
Proof Repeating the proof of Lemma . and noting η(V ; δ; ) ≤ V σ ,p δ σ , we can deduce from the inequality (.) that the lemma holds with τ =
p/σ as long as we choose
We are ready to show the local maximal estimates, i.e., Theorem ..
Proof of Theorem . For q ≥  and h ≤ M < ∞, where h is a positive number which will be determined later, we define the function F M :
Note that F M (t) is non-decreasing, non-negative and bounded for each fixed M, and tF M (t) ≤ qF M (t) for any t ≥ . Let u ∈ W ,p loc ( , X) be the weak solution to Equation (.), and let ν = |u| + h. We consider the function
loc ( , X). http://www.journalofinequalitiesandapplications.com/content/2013/1/160
Thus, for any non-negative function φ(
as a testing function in Equation (.), which yieldŝ
with the positive constants C and τ independent of f , u and φ. From this and the inequality (.) it follows that
where C is a positive constant depending on Q, p and λ. By the Sobolev embedding inequality, we get from (.) that
with absolute constant C, where κ = Q Q-p > . Let r  and r  be such that r ≤ r  < r  ≤ r, taking φ(x) in such a way that φ(
, and recalling U = F M (ν) and q ≥ , we thus obtain
with the constant C independent of r  , r  , q and ν. Iteration yields
with the constant C independent of ν. Recalling ν = |u| + h and that h = f /(p-) σ ,p,B r , we get the conclusion. This completes the proof of the theorem.
Harnack inequality of solutions
In this section we give the proof of Theorem ., i.e., the Harnack inequality. which implies the desired conclusion of Theorem ..
